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1. INTRODUCTION

The theory of elastic materials with voids in thermoelastic materials is an intriguing extension
of classical elasticity theory. This concept was introduced and developed as [1-3]. Othman and
Hilal [4] studied the impact of gravity and rotation in thermoelastic materials with voids.
Various authors [5-12] have discussed many topics concerning heat and mass transfer. The
micropolar theory assumes that a material’s reaction is affected by the motion of its internal
structure considering the translational degrees of freedom of material points as Eringen [13].
Thermodiffusion in elastic solids is the random movement of particles from areas of high
concentration as in Nowacki [14]. The heat conduction equation is based on the Fourier law of
heat equation. This equation was justified in more form to describe the wave propagation of
the heat wave as references [15-17]. Recently, Tzou [18-20] introduced the Dual-Phase-Lag
model, which explains the interactions between phonons and electrons at the microscopic level
of the medium by the heat flux 7, phase lag and the temperature gradient 7, phase lag. In this
theory, the heat equation is the hyperbolic type and predicts the finite speed of thermal wave
propagation.

Rotation of an elastic medium taking Coriolis and centrifugal accelerations introduced by
Schoenberg and Censor [21]. The initial stresses and the gravity in solids have significant
effects on their response to applied loads. Ames and Straughan [22] presented the results for
the initial stress on thermoelastic bodies. Bromwich [23] established the influence of gravity
on elastic waves. Montanaro [24] studied the initial pressure behavior in solids. The magnetic
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field effects in thermoelastic solids are useful due to their applications in plasma physics and
other topics. More motivating thermoelastic problems were investigated in [25-52].

The present paper investigates the diffusion and modified Ohm’s law in a micropolar
thermoelastic medium with voids and rotation. The harmonic solution is an analytical method
used to get solutions of the descriptive functions in the case of the two values of the heat flux
and the temperature gradient while the medium is affected by gravity and rotation with thermal
shock. The material underwent initial mechanical pressure. Numerical calculations were
conducted, and results were graphically displayed for the functions for two dual-phase-lag
parameter values. The study's findings have implications in seismic engineering and
manufacturing.

2. BASIC EQUATIONS AND SOLUTION WITH BOUNDARY CONDITIONS
Due to Iesan [4], Eringen [15], Schoenberg and Censor [22], and Montanaro [24]. The field

equations for isotropic, linear, homogenous, rotator micropolar thermoelastic material with
voids, and pre-stressed in a magnetic field and the gravity are

giji +F =plujg +(€Q x (€ xu;))+ (2 xuj ¢ )], (1)
QWi —q¥ by +rT =xpyig, (2)
Mij i +&ijr Oir =Jo P Ldi 1 +( Qx4 1)], (3)
d ,Bz e’ii +d a*T'ii +d b1Cyii +C,t =0, (4)
The heat equation as Tzou [18] and the Lorentz’s force equations were taken as Lorentz [53]
0 0 0
k (1+ Ty E)T’ii - rT0(1+ Tq a)l// = (1+ Z'q a) (pCE T,t +ﬂlT0 e,t ), (5)
oij = Ay G +p Ui j +Uj i) +K Ui =& ¢)+b v G =BT & —p (@ +5), (6)
Mij =ad (S +Bh j+7 i (7)
1 1 — —
eij :E(ui’j +iji), @i :E(uj’i —uiyj),ﬂl:(3/1+2,u+k)at,ﬂ2 =(3ﬂ,+2‘u+k)0{c, (8)
pTosZpCET-I-ﬂlTO ekk+a*T0C, (9)
P Zﬂz Ekk +blC —a*T ) (10)
T =60-T,, T Tol 1 (11)
To
Vxh =Ji+ai, vxE, =- 9B, (12)
ot ot
an
V. BiZO, V. Di:p6' Eiz—/,lo(WXHi), (13)
Di =& E;, Bj Zﬂo(Ho-l-hi), Fi =1 i xH;j), (14)
Ji =<70[Ei+/loaaiti><|‘|i]—koVTa (15)
With the abbreviations
Symbol Name Symbol | Name
Lamé constants P the density
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a, By and k the micropolar constants ac diffusion expansion coefficient
@y, &.b, r, and y | the voids constants Ce the specific heat

v change in the volume fraction field | k the thermal conductivity

o the thermal expansion coefficient To the reference temperature

# the microrotation vector Oij the stress components

&jj the cubic strain (dilation) Qi the angular velocity

Mij the couple stresses Jo the microinertia

Fi the Lorentz force Ei the induced electric field

hj the induced magnetic field D; the electric displacement vector
Ji the current density vector Ho the uniform magnetic field

£0 the electric permittivity Ho the magnetic permeability

o0 the electric conductivity Pe the charge density

Ko the connection of the temperature gradient and the electric current density

= Ty (o
‘:L H T ae Cx

o 3
D o

i{e — )
ifew —27)

0t)=—me —P.

on=0 L -0 _o
cv v

L0y =0E, =E,g.i=hy.

Elastic half-space with the

magnetic field

Fig. 1: Geometry of the problem with boundary conditions

To express the 2-D problem formulation with the Bromwich equations as [23] and the
dimensionless variables in the following form

*

P r_pC owl pC 0 ' plwl T o
Xi' ==x;, ' = Ui, 6 =t v =y ot Tl g o my ey,
Co ATo ATo ATo o To oo ATy
' ' "y _ * ' ’ 1 4 luoHO ’_L
ta [} - ta ] 1 i = ij ! k :—k ! h B h’
t z9.7q) =, 79.79) (Gij  P1) BTy (ij  P1) 0= 0 Ho oo Ho
. oc ‘ 6 3
=20 E,c'=f2c proP g2 1 Pl o (Ar2uik, o (16)
Ho oo Ho AT, P2 #o <o ‘

Then the field equations (neglecting the prime) will be
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vZu +a12—i+a2 aaiz + 366—Xw—a4aix(r -C)+asEy —aﬁaa—:J

+a, Z—Z—a7%= 4[‘22—;‘—92 —29‘2—‘:], (17)
v2y +a1§—(;—a2 aafz + aa;’:/—a4£(l' —C)—-agEy —aeaa—;/

—ay Z—;+a7%=a4[ai\é — 0% +2Q2—l:], (18)
V34 3 b 430 (G- 2 a;‘iz -0, (19)
Vi -ay y-a, (g—;+§—\;)+313T —314;—2=0a (20)
V2C +ay5 V2 (86—;+aa—\;)+a16 vaT +a17%:0, (21)
A+7y %)VZT —ayg (L+7, %)y/—alg (A+1, %)%—azo %(14—‘[(1 %) (Z—;+§—‘;)=o, (22)

Using the Helmholtz theorem for the potential functions I1(x,y,t) and ©; (x,y.t) as

u; =VII+Vx0;,then

_on, oe orn_oe
ox oy’ oy ox’

The governing equations will be

oIl 00
V =

u and

a5 a33 0

0 ) 0 0
a+1) V2 - —ag)—+3,(Q% -22) |TT-| 28, Q—+a, — |©+
(@ +1) V°~( %) - *+aal 6t2) { 4 Qo+ ey 6x}

ags (832 + &1 5)

2
35 833

ass (ag) + i)

35 @2 41 o

2Qa, i+a4i M+ V2 +(
ot ox ot

—aﬁ)i—a4(92+i
ot

_—a
ﬁivz}n{vz—q

0° a0 |
L a35 ot

ot? ags ot
_ 62
_—agvz:|®+|:vz—aloat—2—a8:| ¢Z :0,

62
_—312V2:| H+|:V2 —3yu at_z_all:| l//+|:al3:|T =0,

:315V4:| H+|:V2 +a17 %-a11:| C +|:a]_6 V2:| T = 0,
I o, 0 0 0
—ay (1+ Tq a §V2:| 11— |:a.18 (l+ Tq a):| l//+|:(l+ Ty E)Vz —&9 (1+

2) G)+[alz]¢Z +| (

a

ags (832 + &1 5)

85 a33

(23)

h+[ag v -[a,]C —[as] T =0,

(24)

- T=0
6)37 :

ags (8zp +61—)

0,0
Tq =) o
ot” ot

|

ot
(25)

(26)
(27)
(28)
(29)

0 (30)
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* — 2 2
c
where afw, azz—k—*, Q= bco_ T a4='f—0*,
(u+k -P"/2) (u+k —P"/2) zox? (urk -P/2) (u+k —P"/2)
g = pcgag,ugHg _ aocg,agHg a = pcgko :2k_cg
ATo o (u+k —P"/2) o (u+k -P"/2) Ho Ho(u+k ~P"/2) yor?
_pesk=pl)  _pdocs A% L bro o, pGTx o, PX% B
Y AT e pbycf
a*ﬂ 1 r BTock pCgct 2 A 1
&6 = bz, ¥7 =% 5 as=ﬂ1—of4, = E%, 320=L*v321=—21 a2 =
A d by Cg prka k @ pk ay pC pC
2p+k p+(p12) u+k —(p"12) K y o’
a3 =5 AT —— B 5 T =50 AT
PCo P P Co PCo P Co PCo
-ATo ~ATo -a' T
g = y 830 = v 831 = :
pcs s i
oh ov oE oT oh ou oE oT
2 =g (Ey +pgHy—)+&y—2 -ko—, and ey (By —pigHp =) — g —L + kg —
dy oo (Ex + 40 oat) 07 Koo, oy oo (Ey —ug Oat) %0 0%y
(31)
oh 0E, OEy 32
oot T oy ox (32)
Which can be simplified as
o,,0Ey OE, 2 o ,0u ov
—~(agy + & —) (——-—2)=Vh-ag—(=—+—), 33-a
(az 81at)( ox oy ) 33 5 (ax ay) (33-3)
o,,0E, OEy 2 o ,0v au
agy + & — +—=)=agy VT —ag3—(——-—), 33-b
(a3 €1at)( x oy ) =az 35 (8x 8y) (33-b)
2
v2h_aﬁﬁ_glﬁ_a3_3£(a_u+ﬂ)=o, (33-¢)
ags Ot ot? ags ot Ox oy
T ' 2 : :
where ag, = 2020, a33=mv 3-34:m, a35=i2, glzc—g, ¢2-—1 and Cis the light’s
oo Ko HO CO c /”0‘90
speed.

The harmonic wave solution of the obtained system can be supposed as
{I,®,h,¢, ,w,C T}HX,y,t)={I1,0,h,4,,w,CT Hy) expli(ax —<&t)], (34)
where {I1,0,h,4, ,#,C,T }(y) are the amplitudes of functions, a is the wave number, and ¢ is

the angular frequency.
The descriptive equations will be

[Dz—sz T+my®+myh +mg 7—mgC ~T) =0, (35)
[m7]_+[D2—m8} ®+a, §, +mg T =0, (36)
mlO[DZ—aZ} ﬁ+[D2—mﬂ} h =0, (37)
-ag[Dz-aZ}@{DZ—leM -0, (38)
—alz[D2 —az} ﬁ+[D2 —mld 7+ [ags]T =0, (39)
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s [[D2 —az][DZ—az]}ﬁ+[D2—ml4JC+a16 [DZ—aZJT_:O, (40)
2 27= _ T2 —
m15|:D —a :|H—[m16] l//+|:D —m17:|T :0, (41)
where m; =a; +1, mzzaz—ﬁ(af’;ag’?—aﬁ)—a—“(gz—éz), m3:—2|§§2a4+|aa4,
my ag5(agp —i& &) my my
a5 ag a4 . .
my = - ) mg = —, mg =—-, m; =-2i£Qay ++iaay,
4 My ags(@gy —i £ 4) *Tmy ® 'y ! ¢ !
2 a5 ag3 2 A2 a5 agy i£ags
mg=a“+if (—=2—-a5)+a,4(&° —Q°), Mmg=—>""_—a,, Mg = ,
8 (ag —1& &) %) ° g -ics) 7 ag
ifa .
m11=az—€1§2—%, myy =a® —ay &% +ag, myz =a’ —ay &% +ay, myy =a’ +icay,
35
iéaZO(l_igfq) alB(l_iﬁqu) 2 igal9(1_i§7'q)
Mg=— ———1——, Mg=——————, My=2"-—————.
(1—|§T9) (1—|§Tg) (1—|§Tg)

Solving the system of the seven equations; (35)-(41) simultaneously yields:

g2 Y g2\ g2 ¥ g2 ) g2V g2V d? .
— | || to|— | 3| — | toy| —5 | | —= | tag| —5 |- {H,@,h,¢ W, ,T}(y):O,
dy2 dy2 dy2 dy2 dy2 dy2 dy2 ‘

42
Since o,..., 7 are the material constants. The ordinary differential equation (42) giv(es 1)4 roots.
To avoid the unbounded solutions, ignoring the positive roots, considering the negative roots
only (k,,n=1..7).
Solutions of the considered functions will be

I(x,y.t)= iHn exp{(—kn y)+i(ax -&t)} O(x,y.t)= iHn Arn exp{(-k, y)+i(ax -St)},
n=1 n=1 (43)

MY 0= 3 H Ay expkn ¥)+iax —20) b (9 )= 3 Hy A ep{( -y y)+iax ~ 20}
n=1 n=1 (44)

y(x,y.t)= éHn Agn exp{(—k, y)+i(ax =St)}, C(x,yt)= éHn As exp{(-k, y)+i(ax —St)},
n=1 n=1 (45)

T (x,y,t)= éHn Agn exp{(—k, y)+i(ax =St)}, ux,y,t)= éHn Azn exp{(—k, y)+i(ax =St)},
n=1 n=1 (46)

v(x,y.t)= éHn Agn exp{(—k, y)+i(ax —&t)} oxx (X,y.t)= iHn Agn exp{(-k, y)+i(ax -St)},
n=1 n=1 (47)

ow (x,y.t)= éHn Aion exp{(-k, y)+i@x =St)}, oy (x,y 1) = iHn Ar1n exp{(-kq y)+i(ax -&t)},
n=1 n=1 (48)
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7 7
Oy (%, 1) =2 Hpy Apgy exp{(kp y)+ilax —£t}  my (x,y,0) = Hy Ay exp{(-ky y)+iax —st)},

n=1 n=1
(49)
7 _ 7 _
My, (X,Y,1) =D Hy Arsy exp{(-kp y)+i@ax —¢t)}, P (x,y,t)=> Hy, Ay exp{(-k, y)+i(ax —&t)},
n=l1 n=l1
(50)
7 - 7 -
Ex (X,y,t)= D> Hp Bizn exp{(-k, y)+i(@ax —&)},  Ey (x,y,t) =Y Hp Bygy exp{(-k, y)+i(@x —&t)},
n=1 n=1
(51)
where
A Kk F+my —my Ay —Mg Agy + Mg Asy Mg Agy A _—myg (k& —a?) A, — %A (kg —a?)
In — ! 2n _2—1 3n _2—
ms (ky —myq) (ky —mg3)
Agy = ayp Ky —(81p My7 +agp8° —ag, myg) k& +(my7 81y —813 Mys)a’
n — [}
Ky —(Myg +My7) K& —(Myg M7 +ag3 M)
4 2 2 4 2 2 2\ 2
A, — s Ky —(2a58° —ayg Agn ) Ky +(Bg5a" —ayg Agp a°) Agy — Mg Agn —Mys (Ky —a%)Kp
n — ) n — ’
(kZ-my,) (k2 -my7)
Asn =ia—k, A, Agn =—kpn —iaAy,,
Agn =ap1 (iaA7, —ky Agp)+iaagy A7y +a3 Agn —Asy —Agn,
AlOn =ay (iaA7n _kn A8n)_a22 I(n A8n +a23A4n _A5n _A6nv
A1y =1 (1aA7n —Kp Agn) +a3 Aan —Asn —Agn
Argn =—ags Kk Az +iaagg Agn —az7 Az
Aqan =—38Kp Azn,  Agsy =iadngAgn, Aren =agg (iaA7n —Kyy Agn) +a30 Asy +a31Agn, & =Dy +iby.
1 . .
A7y =—— Lk, Ay, +ifagy Agy +iaag, Agn
17n (a32_i§‘91){ n Azn +1&833 Agn 34 Agn }
Ajgy =—{iaA,, —ifan A7y —K, azq Agn b
18n (asz—i§81){ on —15833A7n —Kn 834 Agn}
The magnetic and the electric field intensities in a free space which can represented as
ho _ , %Exo %:_glaE_yO, ohg _0Eyxq %Eyo (52)
oy ot OX ot ot oy OX
These variables can be assumed as the harmonic wave solution
[ho.Exo.Exol(X,y 1) =[hg,Eyo,Eyol(y)e' @ <Y, (53)
then we obtain
[D?-a®+¢% g]hy =0. (54)
The solutions of the quantities hy, E,o, and Eyq are
ho(X,y,t)=a exp{(-kgy)+i(@ax —<t)}, (55)
Koo .
Exo(X,y.t)= i*j:g exp{(—kgy)+i(ax —£t)}, (56)
1
aa* .
Eyo(X,y,t)=§—‘g exp{(-k, y)+i(@ax -&t)}, (57)
1

where ¢ is a constant and kg =+/a® - &2 & .

SINALI International Scientific Journal (S1SJ), 2024, 1 64 Online ISSN: 2974-3273



SU SINAI International Scientific Journal (S1SJ) s I SJ

Vol.1 Issue 1, July 2024 SCIENTIFIC J0URNAL

Take the dimensionless boundary conditions to get the constants H,(n=12,..,7) and ignore
the positive exponentials at y =0,

oyy (x,0,t) =—pyexp(i@ax —&t))-p. oy (x,0t)=0, and  my, (x,0t)=0. (58)

T (x,0,t) = p, exp(i@@ax —ét)). (59)

Ey (x,0t)=Eyo(x,0t), and  h(0,y,t)=hy(0,y.t). (60)

6C(X,0,t):81/1(x,0,t):0. (61)
oy oy

Substituting the expressions of the physical functions in equations (58)-(61) to get the values
of the constants H,(n=12,..,7) and «.

3. NUMERICAL RESULTS AND DISCUSSION
A magnesium crystal-like material was chosen. The constants were taken as [54, 55]

2294x100N.m2,  u=4x10°N.m?,  k=L7x10°NstK,  p=174x10%kg.m~3, Kk =10°N.m7?
o =74033x107K ™}, g =2.65x104kg Im 3, b =113849x101°N m~2, r=2x105N.m2.K L,
o =00787x10°N m2s,  a=003m, g=10"/@6z)Fm,  g=4zx10"HmY,  Hy=100Am7,
g —9.8ms~2, o=936x10°Col A/m, p,=0.007K,t=8x10"s, a =0.00lrad/s, a,=15rad /s,
d =85x10"%kg.m 3, a"=29x10*m% %k L, by =32x10°m%kg s 2, p"=005N, Cp=104x10%kg LK,
y=T.779x108 N, 35 =2x10° m?2, 5, =1.753x10°m?, & =1.475x10" N .m 2.

The adjective discussion clarifies the effect of the phase-lag parameters; [ the heat flux z,
and the gradient temperature z, ] in the case of two values for them. z, =0.006,0.009s and

7y =0.002,0.003s in the behavior of the solution of the presented functions in 2-D figures (1-5).
First, we look at the behavior of the solution for two distinct values for both 7z, and z,. The

figures were obtained at a fixed all influential physical parameters in the problem. It can be
seen that both of the phase-lag parameters z, and z, have an observable and effectual role in

the descriptive functions variation as they constrained to them by the increase or the decrease
with the increase of 7, and z, .

Figure 2 clarifies that with the increase of the values of phase lag parameters 7, and z, the

variation of the displacement components u and v are decreasing and increasing respectively.

Figures 3 and 4 show the variation of o,, and m,, are increasing while o, and T are

decreasing, figures 5 and 6 state that the variation of y and P are decreasing while the
variation of ¢, and C are increasing with the increase of the values of phase lag parameters. It

can observe that all functions studied are continuous and converge to its initial equilibrium
states. The obtained results in the present study are in agreement with the results in previous
published papers as in [5] for the gravity, as the similar results with [30] for the modified Ohm’s
law. Totally results of the present study were close to reference [41] for micropolar
thermoelastic with vids due to dual-phase-lag.

Figures (7-10) are the 3-D representation of the damped propagation of the obtained
physical functions of the studied medium. From all figures represented we can observe that all
functions are propagated as the wave properties propagation.
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4. CONCLUSIONS

The main conclusion of the presented problem is that the dual-phase-lag model is more
realistic and effective in thermoelastic theory in its outcomes. All the used physical operators
are more operative in the variation of the descriptive functions of the medium. The functions
with their solutions are continuous and propagate as the wave solutions. The descriptive
functions converge to their initial states. The current study can be applied in steel and
geomechanics, as well as in earthquake engineering. The type of thermoelastic material utilized
in this model is commonly applied in drilling operations and extensively in nuclear physics.
The outcomes of all influences are substantial in the research.
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